The expectation of the product of an arbitrary number of quadratic forms in normally distributed variables is derived.
Introduction
Tests of certain statistical hypotheses require a test-statistic which is a quadratic form. Typically, these tests arise in statistical inference on variances. For instance, let X and s2 denote, respectively, the mean and the variance of a random sample xl, x2, . . ., x, from an arbitrary distribution. Then, is a quadratic form in x; The n-vector 1, consists of ones only. If the sample arises from a normal distribution N(p, a'), it is well-known that ns2/a2 is distributed ~' ( n -1) regardless of the value of p, a property very useful in the construction of confidence intervals for 6' when p is not known.
As a second example, from econometrics, consider the linear regression model
where X is a nonstochastic (n, k)-matrix of rank k and E has a multivariate normal distribution N,(O, a2 V), while Y is a positive definite known (n, n)-matrix. Let /?= (X'V-'X)-'X'V-'y be the GLS-estimator for B, and e = y -X / ? the vector of residuals. Then, is a quadratic form in E. Moreover, the statistic (n-k)6"/a2 is distributed ~' ( n -k ) . 
Lemma 2.1
The cumulants K h ( h = 1, 2, . . .) of the distribution of u'Au, where u -N,,(O, I ) and A is diagonal, are
The second equality follows from the independence of the u:. (CRAMER [I, p. 1921 In particular we have a1 = tr A, a2 = ( t r n j 2 + 2 t r n z ,
The s-th moment of E'AE, where E -NJO, V), is obtained from a, (Lemma 2. 
&'A& = (&'V-*T)(T'V'AV'T)(T'Y-'E)
= u'Au. E(E'AE)S = E(u'Au)", trAh = tr(T'VfAVfT)* = tr(AV)h.
A@)-forms and A@)-polynomials
Consider now s real symmetric matrices A,, A,, ..., A,. Before focusing on the expectation of n3=I (u'A,u), where u -N,(O, I ) , I shall need some definitions that will prove useful in section five.
Definition 3. I (A(s)-form)
Divide the index set { I , 2, . . ., s} into mutually exclusive and exhaustive subsets.
Within each subset, take the trace of the matrix product of the A,'s corresponding with indices from this subset. The product of all these traces will be called an A@)-form. , tr ( A , A , A , ) belongs to a different similarity class. This suggests the following where C is a constant. Now, the only term in cp(x,, x2, ..., xs) which yields n , x j is (Ljxj)'. Hence, the coefficient of n j x j must be s!. The only thing to be shown, then,
is that x, = 0 implies 'p(x,, x2, . . ., xs) = 0.
Define the function cpr' (.) in s-1 variables as and (6.2) the result follows. Notice that the kurtosis y(y) is always positive which indicates that the frequency curve of E'AE is likely to be more tall and slim than the normal curve in the neighborhood of the mode.
Similar results can be found in NAGAR'S case, i.e. for the product of two quadratic forms. The formulae, however, are more complicated. Substituting AV for A, and BV for B gives the desired results.
